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Eletrostática

Lei de Coulomb

Campo elétrico

Lei de Gauss

Coulomb’s Law 

2.1 Electric Charge 

There  are  two  types  of  observed  electric  charge,  which  we  designate  as  positive  and 
negative.  The convention was derived from Benjamin Franklin’s experiments. He rubbed 
a glass rod with silk and called the charges on the glass rod positive. He rubbed sealing 
wax with fur and called the charge on the sealing wax negative.  Like charges repel and 
opposite charges attract each other. The unit of charge is called the Coulomb (C).   

The smallest unit of “free” charge known in nature is the charge of an electron or proton, 
which has a magnitude of   

e = 1.602×10−19 C  (2.1.1) 

Charge of any ordinary matter is quantized in integral multiples of e. An electron carries 
one unit of negative charge, −e , while a proton carries one unit of positive charge, +e . In 
a  closed  system,  the  total  amount  of  charge  is  conserved  since  charge  can  neither  be 
created nor destroyed. A charge can, however, be transferred from one body to another.  

2.2 Coulomb's Law 

Consider a system of two point charges,  q1  and q2 , separated by a distance  r  in vacuum. 
The force exerted by q1  on q2  is given by Coulomb's law: 

1 2 ˆF 
&
12  = ke 

q q  
2  r (2.2.1)

r 

where  ke is  the Coulomb constant, and   ˆ =
& / r is a unit vector directed from q1  to q2 ,r r  

as illustrated in Figure 2.2.1(a). 

(a)  (b) 

Figure 2.2.1 Coulomb interaction between two charges 

Note that electric force is a vector which has both magnitude and direction. In SI units, 
the Coulomb constant ke is given by 

2­3 

Coulomb’s Law 

2.1 Electric Charge 

There  are  two  types  of  observed  electric  charge,  which  we  designate  as  positive  and 
negative.  The convention was derived from Benjamin Franklin’s experiments. He rubbed 
a glass rod with silk and called the charges on the glass rod positive. He rubbed sealing 
wax with fur and called the charge on the sealing wax negative.  Like charges repel and 
opposite charges attract each other. The unit of charge is called the Coulomb (C).   

The smallest unit of “free” charge known in nature is the charge of an electron or proton, 
which has a magnitude of   

e = 1.602×10−19 C  (2.1.1) 

Charge of any ordinary matter is quantized in integral multiples of e. An electron carries 
one unit of negative charge, −e , while a proton carries one unit of positive charge, +e . In 
a  closed  system,  the  total  amount  of  charge  is  conserved  since  charge  can  neither  be 
created nor destroyed. A charge can, however, be transferred from one body to another.  

2.2 Coulomb's Law 

Consider a system of two point charges,  q1  and q2 , separated by a distance  r  in vacuum. 
The force exerted by q1  on q2  is given by Coulomb's law: 

1 2 ˆF 
&
12  = ke 

q q  
2  r (2.2.1)

r 

where  ke is  the Coulomb constant, and   ˆ =
& / r is a unit vector directed from q1  to q2 ,r r  

as illustrated in Figure 2.2.1(a). 

(a)  (b) 

Figure 2.2.1 Coulomb interaction between two charges 

Note that electric force is a vector which has both magnitude and direction. In SI units, 
the Coulomb constant ke is given by 

2­3 

~F12 = k
q2q1
r2

r̂

~F12 = q2 ~E12; ~E12 = k
q1
r2

r̂

& 
Figure 2.4.1 Analogy between the gravitational field g &  and the electric field E . 

From  the  field  theory  point  of  view, we  say  that  the  charge q  creates  an  electric  field 
& & &
E which exerts a force Fe = q0E on a test charge q0 . 

Using  the  definition  of  electric  field  given  in  Eq.  (2.4.1)  and  the  Coulomb’s  law,  the 
electric field at a distance r from a point charge q is given by 

&
E = 

4πε 
1

0  r
q 
2 

r̂  (2.4.2) 

Using  the  superposition  principle,  the  total  electric  field  due  to  a  group  of  charges  is 
equal to the vector sum of the electric fields of individual charges: 

E 
& 

= ∑E 
&

i = ∑ 1  q 
2 
i r̂  (2.4.3)

4πε ri i 0  i 

2.4.1 Electric Field of Point Charges (link) 

Figure 2.4.2 shows one frame of animations of the electric field of a moving positive and 
negative point charge, assuming the speed of the charge is small compared to the speed of 
light. 

Figure 2.4.2 The  electric  fields  of  (a)  a moving positive  charge  (link),  (b)  a moving 
negative charge (link), when the speed of  the charge  is small compared to  the speed of 
light. 
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I

S

~E · d~S =
q

✏0

Note that with the definition for the normal vector n̂ , the electric flux ΦE is positive if 
the electric field lines are leaving the surface, and negative if entering the surface. 

&) 
In general, a surface S can be curved and the electric field E may vary over the surface.  
We shall be interested in the case where the surface is closed. A closed surface is a  
surface which completely encloses a volume. In order to compute the electric flux, we 

& 
ˆA Adivide the surface into a large number of infinitesimal area elements ∆ = ∆  n , asi i i 

ˆshown in Figure 4.1.3. Note that for a closed surface the unit vector is chosen to pointni 

in the outward normal direction. 

& 
Figure 4.1.3 Electric field passing through an area element ∆Ai , making an angle θ  with 
the normal of the surface. 

& 
A∆  isiThe electric flux through 

& & 
∆Φ = E ⋅ ∆A = E A  cos∆ θ (4.1.3)E i i i i

&
The total flux through the entire surface can be obtained by summing over all the area 
elements. Taking the limit ∆Ai → 0  and the number of elements to infinity, we have 

Φ =  lim E ⋅ dA = E ⋅ dA (4.1.4)E Ai 0 ∑ 
r 

i 

r 
i Ò∫∫ 

r r 
∆ →  

S 

where the symbol �∫∫ denotes a double integral over a closed surface S. In order to 
S 

)& &
evaluate the above integral, we must first specify the surface and then sum over the dot 
product E ⋅ d A . 

4.2  Gauss’s Law 

&)Consider a positive point charge Q located at the center of a sphere of radius r, as shown 
πε0r

2 )r̂in Figure 4.2.1. The electric field due to the charge Q is E = ( / 4  Q , which points 
in the radial direction. We enclose the charge by an imaginary sphere of radius r called 
the “Gaussian surface.” 
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Cargas em movimento: corrente elétrica

Figure 6.1.2 A microscopic picture of current flowing in a conductor. 

Let the total current through a surface be written as 

& & 
I = ∫∫ ⋅dJ A  (6.1.3) 

& 
where J is the current density (the SI unit of current density are A/m2 ). If q is the charge 
of each carrier, and n is the number of charge carriers per unit volume, the total amount 
of charge in this section is then ∆ =Q q nA  ( ∆x) . Suppose that the charge carriers move 
with a speed vd ; then the displacement in a time interval ∆t will be ∆ =  ∆ , whichx v td 

implies 

I = ∆Q = nqv A (6.1.4)avg d∆t 

The speed vd at which the charge carriers are moving is known as the drift speed. 
Physically, vd is the average speed of the charge carriers inside a conductor when an 
external electric field is applied.  Actually an electron inside the conductor does not travel 
in a straight line; instead, its path is rather erratic, as shown in Figure 6.1.3. 

Figure 6.1.3 Motion of an electron in a conductor. 

& 
From the above equations, the current density J can be written as 

& 
J = & nqvd (6.1.5)  

& 
Thus, we see that J and & vd point in the same direction for positive charge carriers, in 
opposite directions for negative charge carriers. 
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 Carga em movimento interage com campo magnético: força de Lorentz

~F = q ~E + q~v ⇥ ~B

Interação com campo elétrico Interação com campo magnético
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Carga em movimento gera campo magnético

 Campo magnético produzido por uma carga em movimento: Lei de Biot-Savard

~B =
⇣µ0

4⇡

⌘ q ~v ⇥ r̂

r2

d ~B =
⇣µ0

4⇡

⌘ i d~̀⇥ r̂

r2
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Carga em movimento gera campo magnético

Lei de Biot-Savart

d ~B =
⇣µ0

4⇡

⌘ i d~̀⇥ r̂

r2

Lei de Ampère

 Campo magnético produzido por uma carga em movimento: Lei de Biot-Savard

I

C

~B · d~̀= µ0I
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Pausa
para alguns experimentos
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Indução eletromagnética

Faraday’s Law of Induction 

10.1 Faraday’s Law of Induction 

The electric fields and magnetic fields considered up to now have been produced by 
stationary charges and moving charges (currents), respectively. Imposing an electric field 
on a conductor gives rise to a current which in turn generates a magnetic field. One could 
then inquire whether or not an electric field could be produced by a magnetic field. In 
1831, Michael Faraday discovered that, by varying magnetic field with time, an electric 
field could be generated. The phenomenon is known as electromagnetic induction. Figure 
10.1.1 illustrates one of Faraday’s experiments. 

Figure 10.1.1 Electromagnetic induction 

Faraday showed that no current is registered in the galvanometer when bar magnet is 
stationary with respect to the loop. However, a current is induced in the loop when a 
relative motion exists between the bar magnet and the loop. In particular, the 
galvanometer deflects in one direction as the magnet approaches the loop, and the 
opposite direction as it moves away. 

Faraday’s experiment demonstrates that an electric current is induced in the loop by 
changing the magnetic field. The coil behaves as if it were connected to an emf source. 
Experimentally it is found that the induced emf depends on the rate of change of 
magnetic flux through the coil.  
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Observações experimentais

 Campo magnético pode gerar corrente elétrica: 

 quanto maior a velocidade do imã maior a corrente, 

 se v=0 não há corrente (*)

 se o imã estiver parado e a espira se movimentando também há corrente

 corrente induzida depende da área da espira

(*) Área da espira e o valor de      permanecerem constantes ~B
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Observações experimentais

 Com o valor de     fixo, se a área da espira variar com o tempo há corrente induzida

ε = −  d 
(BAcos θ ) = −

 
dB  

 Acos θ − B 
 

dA  
cos θ + BAsin θ 

 
dθ 

 (0.1.5)
dt  dt   dt   dt 

Thus, we see that an emf may be induced in the following ways: 

& 
(i) by varying the magnitude of B with time (illustrated in Figure 10.1.3.) 

Figure 10.1.3 Inducing emf by varying the magnetic field strength 

& 
A(ii) by varying the magnitude of , i.e., the area enclosed by the loop with time 

(illustrated in Figure 10.1.4.) 

Figure 10.1.4 Inducing emf by changing the area of the loop 

&& 
(iii) varying the angle between B and the area vector A with time (illustrated in Figure 
10.1.5.) 

& & 
Figure 10.1.5 Inducing emf by varying the angle between B and A . 
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Se a área aumentar (A’ > A) a corrente induzida aparece no sentido oposto

~B
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Se o valor de B aumentar (B’ > B) a corrente induzida aparece no sentido oposto
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Observações experimentais
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Observações experimentais

 A corrente induzida é proporcional a: 

 velocidade relativa entre o imã e a espira, 

 intensidade do campo magnético sobre a espira

 área da espira 

 A corrente elétrica induzida é proporcional à variação do fluxo de campo magnético 

através da espira. 
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Lei de Faraday

 Parodiando a célebre frase de cunho anarquista: Hay gobierno? Soy contra!

 Lei de Lenz: Hay variación de flujo? Soy contra!

Matemáticamente, a Lei de Faraday é dada por: 

✏ = �d�B

dt

�B =

Z

S

~B · d~S

Lei de Lenz 

10.1.1 Magnetic Flux 

Consider a uniform magnetic field passing through a surface S, as shown in Figure 10.1.2 
below: 

Figure 10.1.2 Magnetic flux through a surface 

& 
Let the area vector be A = An̂ , where A is the area of the surface and n̂ its unit normal. 
The magnetic flux through the surface is given by 

& & 
Φ =  ⋅ BAcosB A  = θ (0.1.1)B 

&
where θ is the angle between B and n̂ . If the field is non-uniform, ΦB  then becomes 

r r 
Φ =  ⋅d (0.1.2)∫∫B AB 

S 

The SI unit of magnetic flux is the weber (Wb): 

1 Wb =1 T m 2⋅ 

Faraday’s law of induction may be stated as follows: 

The induced emf ε in a coil is proportional to the negative of the rate of change of 
magnetic flux: 

ε = − dΦB (0.1.3)
dt 

For a coil that consists of N loops, the total induced emf would be N times as large: 

ε = −N dΦB (0.1.4)
dt 

& 
Combining Eqs. (10.1.3) and (10.1.1), we obtain, for a spatially uniform field B , 
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Lei de Faraday

✏ =

I

C

~E · d~̀ Lei de Faraday 

Campo elétrico induzido 

I

C

~E · d~̀= � d

dt

✓Z

S

~B · d~S
◆

Note que este campo elétrico     induzido não é conservativo: a circulação de     ao 

longo de um circuito fechado é diferente de zero .

~E ~E

 Podemos imaginar que esta f.e.m. induzida decorre de um campo elétrico induzido, que 

causa o aparecimento da corrente elétrica induzida 
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Lei de Lenz: convenção para o vetor área

 Arbitra-se um sentido para o vetor área. A regra da mão direita estabelece o sentido 

positivo da circulação. Por exemplo:

sentido horário

⌦ d~S

 Verificação: 

  (a) ⌦ d~S � ~B ) ~B · d~S = �BdS ) d�

dt
= �dB

dt
dS

 Se                 (campo aumenta     )                                   
dB

dt
> 0 �

 Se                 (campo diminui     )                                   �

) ✏ = �d�

dt
> 0 ) Iind �

) ✏ = �d�

dt
< 0 ) Iind  

dB

dt
< 0

(*) Note que campo aponta na mesma direção nos dois casos acima. A corrente não se opõe ao campo; opõe-se à 

variação do fluxo  

Com esta escolha para     este é o sentido 
positivo da circulação 

d~S

Suponha que        tenha este sentido~B
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Lei de Lenz: convenção para o vetor área

 Mantendo o sentido do vetor área. A regra da mão direita estabelece o sentido positivo 

da circulação.

 Verificação: 

  

 Se                 (campo aumenta     )                                   
dB

dt
> 0

 Se                 (campo diminui     )                                   ) ✏ = �d�

dt
> 0 ) Iind �

) ✏ = �d�

dt
< 0 ) Iind  

dB

dt
< 0

(b) ⌦ d~S ⌦ ~B ) ~B · d~S = BdS ) d�

dt
=

dB

dt
dS

⌦

⌦

sentido horário

⌦ d~S
Com esta escolha para     este é o sentido 
positivo da circulação 

d~S

Suponha que        tenha este sentido~B
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Lei de Lenz: convenção para o vetor área

� d~S

sentido anti-horário

 Verificação: 

  

 Se                 (campo aumenta     )                                   
dB

dt
> 0 �

 Se                 (campo diminui     )                                   �dB

dt
< 0

Com esta escolha para     este é o sentido 
positivo da circulação 

d~S

) ✏ = �d�

dt
< 0 ) Iind �

) ✏ = �d�

dt
> 0 ) Iind  

(c) � d~S � ~B ) ~B · d~S = BdS ) d�

dt
=

dB

dt
dS

Suponha que        tenha este sentido~B

 Arbitra-se um sentido para o vetor área. A regra da mão direita estabelece o sentido 

positivo da circulação. Por exemplo:
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Lei de Lenz: convenção para o vetor área

� d~S

sentido anti-horário
 Verificação: 

  

 Se                 (campo aumenta     )                                   
dB

dt
> 0

 Se                 (campo diminui     )                                   
dB

dt
< 0

(*) Na prática não precisamos nos preocupar com isto por que a “Lei do contra” nos fornece o sentido da corrente 

induzida.  

Com esta escolha para     este é o sentido 
positivo da circulação 

d~S

) ✏ = �d�

dt
< 0 ) Iind �

) ✏ = �d�

dt
> 0 ) Iind  

(d) � d~S ⌦ ~B ) ~B · d~S = �BdS ) d�

dt
= �dB

dt
dS

⌦

⌦

 Mantendo o sentido do vetor área. A regra da mão direita estabelece o sentido positivo 

da circulação.

Suponha que        tenha este sentido~B

Tuesday, December 10, 13



Aplicações da Lei de Fraday: geração de eletricidade

Um  vídeo com um gerador caseiro em 

w.greenoptimistic.com/2010/03/09/build-small-scale-hydroelectric-generator/#.UpSOUGRDt8M
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Aplicações da Lei de Fraday: geração de eletricidade
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Os primeiros discos rígidos comerciais utilizavam
sensores indutivos para escrita e leitura
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Digitalização

Informação é codi!cada em bits: contração inglesa de binary digits (0,1)

- 1 Byte = 8 bits                                                                  28 = 256 possibilidades

- 1 palavra (word) = 4 Bytes = 32 bits = 232 = 4.294.967.296 possibilidades

0 0

1 1

1 0

0 1
Dois bits:                     4 possibilidadesUm bit:                  2 possibilidades

0

1

0 0 0 0 0 0 0 0
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Armazenagem de informação

Em meios magnéticos, os bits são unidades magnetizadas em uma direção ou outra

0

1
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Armazenagem de informação

Em meios magnéticos, os bits são unidades magnetizadas em uma direção ou outra

0

1
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Armazenagem de informação

Para aumentar a capacidade de armazenamento precisamos reduzir o tamanho da 

unidade magnética que armazena os bits
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Magnetic Recording Fundamentals 3

Consider the familiar audio cassette tape recorder in Figure 0-2. The recording/playback
head is made of easily magnetised ferrite material and has a small air-gap γ at the point where
it comes into contact with the recording tape, δ = 0. When energised, the coil winding on the
structure is used to create a strong and concentrated magnetic field on the recording media as
it moves along with a velocity v. During the playback mode, this coil detects the induced
voltages.

 

iw

n s n sn sv

δ

γ

recording media
magnetic dipoles

magnetic flux

gap

head distancemedia velocity fringing field

substrate

Figure 0-2 Basic Ring read/write head.

The recording media in this case is a length of MYLAR (plastic) tape coated with a
powdered ferric oxide compound which is magnetisable and has high remanence. This layer of
magnetic material in the unmagnetised state may be conceived as made up of dipoles, tiny
magnets with N-S poles randomly positioned. Under the influence of the external magnetic
field, these dipoles will align their N-S poles in line with the applied field thus becoming
magnetised. Upon removal of the applied field some of these dipoles remain aligned.

By either increasing the rate v the media is moved across the head, or by decreasing the
granularity of the magnetic material, (i.e. making the tiny magnets smaller), we can record
faster changes in the applied magnetic field, that is, the frequency response is increased. For
digital data, the density of the stored information increase with decrease in the granularity of
the magnetic media.

With a weak field, only a small number of the dipoles retain their alignment. As the
field gets stronger, more and more of them will remain aligned, that is, the stored magnetic
field increases. For audio (analogue) recording, the variation in the audio signal levels are
recorded in this linear region of the magnetic behaviour. A saturation level is reached when
increases in the applied field does not result in a corresponding increase in the stored magnetic
field. Digital recording generally operate in the saturation region.
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Magnetic Recording Fundamentals 3

Consider the familiar audio cassette tape recorder in Figure 0-2. The recording/playback
head is made of easily magnetised ferrite material and has a small air-gap γ at the point where
it comes into contact with the recording tape, δ = 0. When energised, the coil winding on the
structure is used to create a strong and concentrated magnetic field on the recording media as
it moves along with a velocity v. During the playback mode, this coil detects the induced
voltages.
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Figure 0-2 Basic Ring read/write head.

The recording media in this case is a length of MYLAR (plastic) tape coated with a
powdered ferric oxide compound which is magnetisable and has high remanence. This layer of
magnetic material in the unmagnetised state may be conceived as made up of dipoles, tiny
magnets with N-S poles randomly positioned. Under the influence of the external magnetic
field, these dipoles will align their N-S poles in line with the applied field thus becoming
magnetised. Upon removal of the applied field some of these dipoles remain aligned.

By either increasing the rate v the media is moved across the head, or by decreasing the
granularity of the magnetic material, (i.e. making the tiny magnets smaller), we can record
faster changes in the applied magnetic field, that is, the frequency response is increased. For
digital data, the density of the stored information increase with decrease in the granularity of
the magnetic media.

With a weak field, only a small number of the dipoles retain their alignment. As the
field gets stronger, more and more of them will remain aligned, that is, the stored magnetic
field increases. For audio (analogue) recording, the variation in the audio signal levels are
recorded in this linear region of the magnetic behaviour. A saturation level is reached when
increases in the applied field does not result in a corresponding increase in the stored magnetic
field. Digital recording generally operate in the saturation region.
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Aplicações da Lei de Faraday: sensores magnéticos

 A corrente induzida depende da taxa de variação do fluxo do campo magnético através 
da espira
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Esta tecnologia tem limitações

ω

� � 7200 rpm
d � 30 nm

d
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A densidade de gravação no disco não é uniforme
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Controle eletrônico de velocidade de rotação

sensor magnético
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